Abstract: This paper introduces a fully symmetrized Hamiltonian formalism designed for description of vibrational motion in ammonia (and any XH 3 molecule). A major feature of our approach is the introduction of complex basis vibrational wavefunctions in product form, satisfying the complex symmetry species (CSS) of the molecular symmetric top point group (D 3h ). The described formalism for ammonia is an adaptation of the approach, previously developed and applied to benzene, based on the CSS of the point group D 6h . The molecular potential energy surface (PES) is presented in the form of a Taylor series expansion around the planar equilibrium state. Using the described formalism, calculations have been carried out on the vibrational overtone and combination levels in 14 NH 3 up to vibrational excitation energies corresponding to the fourth N-H stretch overtone. The results from the calculations are adjusted to experimentally measured data, in order to determine the values of the harmonic and some anharmonic force constants of the molecular PES.
Introduction
Ammonia is an important molecule because of its abundance both on earth as well as in the atmospheres of the outer planets, Jupiter and Saturn [1] . Knowing its detailed ro-vibrational energy level structure, the planetary atmospheric temperatures could be determined [1] . For this reason, extensive spectroscopic measurements have been performed on 14 NH 3 as well as on its isotopomers [1] [2] [3] [4] [5] [6] , in a wide spectral range. Many theoretical studies have also been carried out to rationalize the extremely complicated NH 3 PES and ro-vibrational spectrum [2, 3, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . Ammonia is a symmetric top molecule, belonging to the point group D 3h [1, 7, 27] . In addition to the floppiness of the molecule is associated with the group of three high frequency and strongly anharmonic N-H stretching modes. This major difficulty for the theoretical treatment requires local mode (LM) treatment, instead of the conventional normal mode (NM) analysis. The N-H stretch overtone structure at the higher excitation energies is additionally complicated through the occurence of a number of strong Fermi and Darling-Dennison resonances [2, 3, 21, 22] . Within this range, the density of the molecular vibrational level increases to the extent that the vibrational computations become difficult and time consuming.
In a recent work series [28] [29] [30] [31] , we introduced the concept of complex symmetry species (CSS) to describe the transformation properties of symmetric top point groups (and particularly the benzene group, D 6h ), instead of the conventional real symmetry species [1, 7, 27] . This allowed to greatly reduce the computational effort for large scale vibrational calculations in symmetric top molecules, and particularly for benzene [31] . This paper focuses on adapting and applying the complex symmetrized approach to the ammonia molecule based on the definition of CSS for the ammonia symmetric top point group D 3h . The (LM) N-H stretch part of the basis wavefunctions needs a special symmetrization scheme that has been developed with specific detail. The present work expands the molecular PES in a Taylor series around the planar equilibrium configuration. The interaction of Hamiltonian terms which couple the separate vibrational degrees of feedom and which incorporate the terms from the second to sixth order, have been taken into account.
2 Complex symmetry species and complex symmetrized curvilinear vibrational coordinates for ammonia
In its ground electronic state, ammonia has two potential minima (where it is pyramidal and of C 3v symmetry) that are located symmetrically with respect to the planar state. In the present work we shall use the planar configuration (of D 3h symmetry) as a reference point for the series expansion of the molecular PES in terms of the vibrational coordinates. We shall use complex (polar) coordinates to describe the vibrational motion in ammonia [27, 35] , that demonstrates specific symmetry properties. Please see refs. 30, 31 for a general discussion of the concept of complex symmetry species for symmetric top point groups. The basic asset of CSS is that they allow the straightforward construction of quantum mechanical basis sets in product form, which are particularly suitable to describe those molecules belonging to a symmetric top point group. Such a set is most helpful to explore highly excited molecular vibrational levels, in the range of excessively high vibrational level density, as demonstrated in our recent work on benzene [28] [29] [30] [31] . The introduction of complex symmetry species for the symmetric top point group of ammonia D 3h and their transformation properties and multiplication rules, are displayed in Table 1 . As a comparison, the conventional characters of the irreducible representation (symmetry species) of this group, are reproduced in Table 2 . Table 1 , for each of the basic symmetry operations (transformations) from D 3h , a phase factor is given, in addition to performing complex conjugation (ψ→ψ*), to be applied in some of the cases. If the quantum mechanical basis functions are appropriately defined in complex symmetrized form, as shown below, the multiplication of any two such functions invariably yields a new function, that again has a well defined CSS. Relevant multiplication rules for the CSS of D 3h are summarized at the end of Table 1 . These are compared to the conventional rules for multiplication of real 2-D symmetry species, displayed at the end of Table 2 . According to the latter ones, e.g. E × E = E + A 1 + A 2 , the multiplication of two wavefunctions belonging to the E species, does not yield a wavefunction of a well defined symmetry species, but in general a wavefunction, belonging to a reducible representation of the symmetry group. This feature, inherent to the 2-D real symmetry species, precludes the symmetry product reproducibility, characteristic of the abelian point groups, and makes the symmetrization of quantum mechanical basis sets a rather difficult task.
The description of vibrational motion in ammonia, is usually based on the stretchings r i of three bond lengths R i and the distortions θ i of three interbond angles
, where R 0 -equilibrium bond length and α 0 -equilibrium angle [1, 7, 27] . The three complex symmetrized N-H stretching coordinates q 1 , q 3a , q 3b (modes #1 and #3) and H-N-H angle distortion coordinates q 2 , q 4a , q 4b (modes #2 and #4), can be defined in the following complex symmetrized form [the relevant CSS of D 3h (Table  1) are indicated]:
where ε = e iπ/3 . The definition of q 2 is supplemented by the additional condition that q 2 should have a negative value when the N-atom is below the H 3 plane and positive above.
An arbitrary product of q i coordinates necessarily transforms as one of the CSS of D 3h and can easily be determined from the product rules in Table 1 . This latter quality, which is not possessed by the conventional real symmetrized (curvilinear) coordinates S i [1, 7, 27] , is indispensable for the construction of a symmetrized set of basis Hamiltonian eigenfunctions in product form for ammonia.
3 Zeroth-order Hamiltonian and symmetrized basis set in product form.
The zeroth order Hamiltonian H 0 for the present treatment (in fully symmetrized form), takes the form:
H N H 0 is the N-H stretch Hamiltonian, a collection of three identical Morse oscillators:
where g rr =1/m N +1/m H (m N ,m H -mass of N and H atoms respectively), a r -anharmonic parameter, D r -dissociation energy. The energy levels of a Morse oscillator are given by:
where
The zeroth-order Hamiltonian for the #4 mode (E'), is given in the conventional form for a 2-D quantum mechanical harmonic oscillator in terms of polar coordinates [27, 36] :
is the harmonic frequency of mode #4, K 4 = h G 4,4 F 4,4 , F 4,4 -diagonal harmonic force constant and G 4,4 -diagonal symmetrized Wilson's G-matrix element [27] . The eigenvalues E n4 , of the 2-D harmonic oscillator eigenfunctions (n 4a ,n 4b ), designated by their quantum numbers n 4a , n 4b = 0, 1, 2,.. [27, 36] , are E n4 = ω 4 (n 4 + 1), (n 4 =0, 1, ..), n 4 = n 4a + n 4b . All (n 4a ,n 4b ) eigenfunctions arise in complex symmetrized form. E.g., (1,0) and (0,1) are of CSS E a ' and E b ' respectively, (1,1) is A = A 1 ', (2,0) and (0,2) are a c.c. pair of CSS E b ' and E a ' respectively, (3,0) and (0,3) are a c.c. pair of CSS A'=A 1 ±iA 2 , etc.
To zeroth order, the #2 (inversion) mode is described by a harmonic oscillator Hamiltonian:
] is the frequency of the symmetrized mode #2,
Wilson's G-matrix element [27] ). The eigenfunctions of H
0 will be denoted as |n 2 . The nonsymmetrized eigenfunctions of H N H 0 are obtained as products of 3 Morse oscillator eigenfunctions |pkl = p 1 k 2 l 3 , corresponding to p quanta excitation in oscillator #1, k quanta in #2 and l quanta in #3; the zeroth-order energy of such a configuration is obtained as the sum of three terms:
The quantum mechanical treatment is greatly reduced if the eigenfunctions of H N H 0 are obtained in symmetrized form. The symmetrization process is extremely cumbersome when real symmetrized vibrational coordinates are used [20] [21] [22] [23] . To derive complex symmetry adapted orthogonal N-H stretch wavefunctions ϕ corresponding to a configuration p 1 k 2 l 3 , simple linear combinations must be taken, by rotating the original configura-
We introduce the following notation for such a state: ϕ =|L;S;p 1 k 2 l 3 ). Here, L -normalization factor (possible values are: L=1,3,6), S -the relevant CSS of D 3h . Several symmetrization patterns are possible for ϕ, and can easily be incorporated into a simple algorithm. We shall only give a few examples, illustarting the method of the symmetrization applied. The m=1 (m=p+k+l) overtone contains three states:
In the m=2 overtone there are:
Ultimately, the basis wavefunctions |k (eigenfunctions of H 0 ) are obtained as simple products of three factors |k = |L;S;p 1 k 2 l 3 ) × (n 4a ,n 4b ) × |n 2 , in fully (complex) symmetrized form.
Interaction hamiltonian
In addition to the (harmonic oscillator) zeroth-order Hamiltonian H 0 , it is necessary to introduce a considerable number of interaction Hamiltonian terms H int (all of them in explicit complex symmetrized form) briefly described below.
First, the zeroth order harmonic potential for the #2 mode has to be supplemented by a number of terms, which describe the double minimum shape. For this purpose, we have introduced the following corrections that allow the analytical calculation of the matrix elements:
The first two terms are (small) corrections to the overall shape of the harmonic potential curve, while the third term describes the double minimum behavior, by means of the variable parameters B, d, B 1 , d 1 , etc. The G-matrix derivatives, displayed in the above equation and in the one below, have been precisely calculated in symmetrized form.
The following are terms describing the bilinear, cubic, quartic and some sextic couplings of the three N-H stretch oscillators: In addition to these terms, H int incorporates the interaction of the N-H stretch system with the symmetrized 2-D mode #4: Finally, there are cubic and quartic terms, describing the coupling of the inversion mode #2 with the N-H stretch system (modes #1 and #3) and the asymmetric bend, mode #4:
+F 3,2,2,4 q 2 2 (q 3a q 4b + q 3b q 4a ).
6-D computations on the ammonia vibrational system
This work carries out full-scale 6-D computations on the vibrational system of ammonia 14 NH 3 at excitation energies up to about 15500 cm −1 . The completely nonperturbative computational approach which was applied, included an artificial intelligence search algorithm [32, 33] for the selection of an effective active space of N relevant basis functions |k (eigenstates of H 0 ). All of them belong to one and the same CSS. Simultaneously, the (real symmetric) Hamiltonian matrix H i,k of the vibrational problem is being composed, whose diagonal elements are k| H 0 + H int |k and the off-diagonal elements of which are given by k| H int |k ′ . For this procedure, as described in detail in our previous work [30, 31] , the availability of a symmetrized separable vibrational basis set |L;S;p 1 k 2 l 3 ) × (n 4a ,n 4b ) |n 2 is of crucial importance. Next, H i,k is diagonalized making use of a Lanczos tridiagonalization routine [34] , thus obtaining the molecular vibrational levels. In this calculation, the values of the harmonic and anharmonic force constants, part of the expressions of both H 0 and H int , were regarded as variable parameters: f rr , F 2,2 , F 4,4 , [harmonic diagonal force constants for the local N-H stretch oscillator, the #2 (inversion) mode and the #4 (asymmetric bend)], x N H (anharmonic correction for the N-H stretch, related to the cubic anharmonic constant of the Morse potential), f (4) and f (6) (quartic and sextic corrections to the overall shape of the inversion mode potential), B,
(harmonic, cubic, quartic and sextic nondiagonal force constants, responsible for the couplings among the three N-H stretch oscillators), F 3,4 , F 1,4,4 , F 3,4,4 , F 1,2,2 , F 3,2,2,4 (symmetrized bilinear, cubic and quartic nondiagonal force constants, describing the couplings between the symmetrized modes #1, #2, #3 and #4). These (harmonic and anharmonic) force constant parameters were varied (using a least squares routine), until the calculated energy levels were obtained as close as possible to the experimentally measured values. The obtained results for the calculated vibrational levels of ammonia are displayed in Table 3 .
The experimentally measured frequences have also been given in the Table for comparison. Each level is designated by the symmetrized basis state |L;S;p 1 k 2 l 3 ) × (n 4a ,n 4b ) |n 2 , giving the predominant contribution to relevant the vibrational eigenstate. It can be seen, that a satisfactory agreement has been achieved between the theoretically calculated and the experimentally measured frequencies. This agreement was obtained at following force constant parameter values, that are summarized in Table 4 .
Conclusion
The main purpose of the paper was to give a concise description of a completely symmetrized quantum mechanical Hamiltonian formalism and algorithm, designed to improve and extend the possibilities of large scale vibrational calculations on ammonia (and in general for XH 3 molecules). The most important feature of the described approach is the definition and employment of complex symmetrized (curvilinear) vibrational coordinates and wavefunctions that transform according to the complex symmetry species of the symmetric top point group D 3h . The PES for the ground electronic state of ammonia was defined as a Taylor series expansion in the employed vibrational coordinates at the planar equilibrium molecular configuration. Using the described symmetrized Hamiltonian formalism, 6-D calculations have been carried out on the vibrational levels of ammonia 14 NH 3 . Reasonable agreement between the calculated and measured frequencies could be obtained, for levels up to the range of the fourth N-H stretch overtone. This can be achieved by varying the harmonic and anharmonic force constants, as input parameters. Work is in progress, to extend these calculations to higher excited vibrational states, as well as to the other symmetric ammonia isotopomers.
. Table 1 Complex symmetry species, their transformation rules, and their multiplication rules for the symmetric top point group D 3h ;c 3 -rotation around the top axis by 2π/3, c 2 ' -rotation by π around an axis, perpendicular to the top axis of the molecule, σ v -reflection in a vertical plane, σ h -reflection in the molecular plane, ε = e iπ/3 ; the notation ψ→ψ* signifies, that in addition to being multiplied by the indicated phase factor, the function should also be complex conjugated. [5] 3462 [6] Level Table 4 Values for the harmonic and anharmonic force constants, characterizing the ammonia PES, employed in the calculation of the vibrational energy levels in Table 3 .
